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Abstract: This study presents two iterative methods, based on Newton’s method, to attain the numerical solutions of
nonlinear equations. We prove that our methods have seven and twelve orders of convergence. Analytical investigation
has been established to show that our schemes have higher efficiency indexes than some recent methods. Numerical
examples are executed to investigate the performance of the proposed schemes. Moreover, the theoretical order of

convergence is verified on the numerical examples.

Keywords: Nonlinear Equation; Iterative Method; Newton’s Method; Convergence Order.

1. Introduction:

The importance of finding the roots of nonlinear
equations comes out from its applications in science and
engineering [15, 16, 12, 10]. Many numerical applications
use high precision in their computation, so higher-order
numerical methods are required [8].

Solving some differential equations and integral equations
requires finding the roots of nonlinear equations [5, 11]. In this
study, we introduce two new iterative methods to find a simple

root A of a nonlinear equation f (Xx)=0, where
f :1 cR - R :isascalar function on an open interval |

One of the simple well-known methods for solving nonlinear
equations is the classical Newton’s method (CN).

n=012.. (1)

The method provides a sequence of approximations that
converge quadratically to a simple zero of f.

In recent years, some high order iterative methods for solving
nonlinear equations have been improved and investigated see
[15, 4, 14, 13,9, 1, 2, 3] and the references therein.

In this paper, we consider the double Newton’s method (DN)
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J ox t)
n~ n f'(Xn)

: )
S
n+l n f’(yn)

which converges in fourth order [9].

First, we present a variant of the Double-Newton’s method
with seventh-order convergence. Then a twelfth-order
iterative method is proposed. Finally, numerical examples are
given to show the performance of the two methods.

Basic definitions:

Definition 1. [6] Let A be a simple zero of a real function
f(x), let <X,> be a real sequence that converges
towards A . We say that the order of convergence of the
sequence is @ € R™ if there exists B eR"such that
lim X0 =A%, A" =p, Bis

N called
asymptotic error constant. If a =2 or 3 the sequence is
said to have quadratic convergence or cubic convergence,

respectively.
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Definition 2. [12] Let & =X, —A is the error in the n o) 7F(x,)
iteration, we call the relation =g, —Coel +2(C2 —cy)ed +(Te,c, —4es -, )e!
_ o a+1
Ena =P +0(e77) ®) +(6c2 +10c,¢, + 8 —4c, —20c2c,)e’ +(17c e,
as the error equation. If we can obtain the error equation for , (8)

any iterative method, then the value of ¢ is its order of
convergence.

If X4, X, and X _,; are three successive iterations closer

to the root A . Then, the computational order of convergence
P (see [16]) is approximated by using (3) as

Cnj(x,, — A (x, A

p_
Inf(x, —2)/(x,, 4|

(4)

-1

The efficiency index is pl/W , where P is the order of the
method and W is the number of function evaluations per
iteration required by the method, see [7].

2. Convergence Analysis
Firstly, we introduce new seventh-order iterative method as

follows

Yo =X, = () 1T7(x,),
2, =Y, —f (Y )A+AT2) /T (y,) ®)
L F @t (y,)a+AT2)
(f ) =F(y.Nf '(y.)
Fo ) x)-f'(y,)

where A = - .
fx)f(y,)

n+l — “n

For the method (5) we have the following convergence result.
Theorem 1 Let Abe a simple zero of sufficiently

differentiable function f:l < R—R for an open

interval | . If X issufficiently close to A , then the method

defined by (5) is of seventh-order and satisfies the error
equation

&4 =C; (2¢, —1.5¢,)e, +O (&)
where g, =x, — 4, ¢, =f “I (1)1 (k 'f "(1)).

Proof.

Using Taylor expansion of f (x ) and f '(x ) about 4 ,
we have
f(x,)=f'(Dle, +c,& +c,el +0(eN], (6)

f'(x,)=f "(DIL+2c,¢, +3c,5 +0(s))], )
therefore
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+13c,¢, +52cc, - 28¢2c, —5¢, — 33,02 —16¢5)e’
+(16¢,c, — 6c, —36¢7c, +22c,c, —92¢,c.c, +70ckc,
+12c7 +126c2c? —18cs —128c;c, +32¢;)e! +0 (&)
SO
d,=y,-A=¢ ~F(x )IF(x)
=6, +2C, ) +(de; +3, - Te.c,)el + (de, +20csc,
-fc; -10.c, -8, )e +(28e,c, +5¢, +3%C, +16¢;
-1Tee, -13.¢, -5, )¢’ +(6c, -16cc, +36cc, - 9)
-8, + 92,0, - T0ce, -12c; -126cc; +18c;
+128c5c, - 32 )¢’ +0(e)
Taylor expansions of f (y,) and f '(Y,) around A are
given as

f(y,)=f"(Ad, +c,d; +c,d7 +0(d.)], (10)
f'ly,)=f'(A)[L+2c,d, +3c,d?+0(d], (11)
so, by (9), we attain
F(y,)
f '(]v)[czgnz +2(c, _022)5: + (5(323 +X, _7(:203)5:11
+ (2402203 +4c, -12c; - 6032 -10c,c,)e’ + (28¢5

2 2 3 6 (12)
+34c,¢, +5¢, +37c,c, —7%,c, - 17c.C, —13,C; )e,
+(6c, ~16c,¢, +44c7c, —22c.¢, +104c,c.c, —1025C,
~12c? -160c7c; +18c3 +206¢,¢, - 64c0)e +0(£%)]
Furthermore
F(y,) = (AL+ 256 +4c, (e ~C5)e, + (8, +6e.L,
~1eic,)e! + (8¢, - 20c 2, +28c, 3

~160%)¢5 + (60 c, +10c,C, +32° —68cC,
~16c,0,¢, +12¢3 - 26c2c, )’ +0(e])]

2 2 3 3 4 5 1 (14)
Sd —cdi 42 e )0+ (Tee -4 % )0’ +0(d")

so by (9), we get

10
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)11 0,)
=C,67 +2(C, -C)el + (%5 + 3, - To.C,)er + (4c, +16¢uc,
~de, —6c2 ~10c,¢, )¢ +(Bcs - 325, +29c,02 + 222,
+5¢, ~17c,¢, ~13¢,C, )e® +(6c, —16c,C, + 2807, ~12c.C,
+80c,C., —38cc, —12c7 -98c el +18¢?
+68¢;¢c, -12c0)el +0(e°)
Using (7) and (13), we achieve
Fix)-1'0,)
=f '(A)[2,e, + (3, - 2;)e’ +4(c, —C,C, +C))e
+(5c, - 8¢ —6e,¢, +11c’c,)e! + (6c, —8c,c, |
+20c,¢c, - 28c.c, +16¢;)e’ +0(el)]

(16)

therefore

Fay)(F ') -1'(y,)
=[f "(A)[2c2e +(Tc,c, —6¢))e’ +(10c,c, - 28clc,
+18c; +6c.)e’ + (13c,c, —50c; —40c.c, +104cc,
+17cc, —41c,c)el +0(g)]
By (6) and (13), we get
fO)E Y,
~[f (WP s, +C,25 +(c; +26)z]
+(c, —2c3 +4c,c.)el
+(cs —5cZc, +4c; +6c,c,)es +0 ()]
and hence, by applying (17) and (18), we attain

, (18)

A=f () 'x)-T'(y.))
fxOf'(yn)
=2c2g? + (7Tc,c, —8c3)e® + (10c,c, —37cic,
+22c) +6c2)en + (13c,cy —52¢; —52cc,
+127clc, +17c,c, + 28c,c2)el +0O (7 )
Now, from (15) and (19) we obtain

f
'(yn) A
fy,)
=20 +(llcic, —12c,)e’ + (L6c.c, — T8e.c, ,(20)
+44c° +20c,c7)e8 + (21c°c, —128¢° —116cc,
+354c,c, +58,c.c, —119¢,c; +12¢))e! +0(e; )

(19)

Furthermore, using (9) and (15) we get
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d, -fy,)/f'ly,)
=ce! +4(cic, —c;)el +2(k’c, —10c ¢, +5¢; o
+2c,05)es +4(2cic, +3c,c,c, —8cc, —Tc.ch
+15¢c,¢, —5¢; )¢, +0 (el )
Using (21), (20) and (9) we obtain

=(2; -15¢,¢,)e’ +(19c, - 2¢,¢, -12c; —6c,c. el (22)
+(44c; +3L5c;c; - 25¢,¢, ~17c,c.c, - 265¢.¢,
-117c;c, -6¢])el +0(e’)
Expanding f (Z ) about A is given as
f(z,)=Ff ', +c,d? +c,d? +--] ,(23)
therefore, by (22) we get
@)
f (A, L5k, )ed + (L%, - 2c,¢, —12¢) - 6e,07)el
+(4dc? +3L5c2c? - 2.5c ke, ~1Tc,¢.¢, - 26.5¢5C,
-117c,¢, - 6¢5)er +0(e))]
Using (12) and (24), we get
f,)-f(,)
=f "(A)[-c,&’ +2(c? —c,)e’ +(Tc,c, —5¢) —3,)el
+(14c? +6c2 +10c,¢, — 25.502¢, — 4, )&’ + (16¢°
+34c’c, +5¢, +31c,¢2 —54ck, -17cc, -1k, (25)
—2c5¢, )&l + (16c,¢, — 6C, —46.5¢2C, + 22¢.C,
-121c,c,c, + 75.5c5¢, +12¢7 +191.5¢2c? — 24¢}
—323ctc, +108¢%)s! ++0 (£%)]
therefore,
f,)/(t@E,)-f(y,)
=(L5c,c, - 2¢))el +(2cc, +8¢, +3c; —12cic,)e!
+(9c,c; —18c; +2.5c,c, +12.5¢,¢, +32.5¢.¢,
+55.5¢;¢, +4c,c, —4deic,c,)el +0(e!)

27374

In addition, using (15) and (20), we obtain

f(y,)L+A12)/f'(y,)
=c,el +2(c, —C} )&l + (4] + 3, - Tc c,)e! 27)
+(4e, +21.5¢5c, —10c, —6c2 —10c,c,)ed +0(ef)
From (26) and (27) we get

—

. (24)

(26)

11
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f(z,)f (y,)L+AT2)

(f,)-ffy,)

=(L.5c;c, - 2¢;)e] +(2c,c, +12c; +6c,c0 ~19cic,)e’ (28)
+(25¢c.¢, +17c,c.c, +26.5¢.c, +115.5¢,¢, +6c;

— 42, -315¢c,¢;)e, +0 (&)

Finally, using (22) and (28) we get the error relation: e
gn+1 =X N+l ﬂ’
f @)y L+A/2)
)Ty, Nf'(y,)
=c,)(2c; —1.5¢c,)e] +O(&’)
'cl)'rhdi:rmeans that the method defined by (5) is of the seventh-

Finally, we construct the twelfth-order iterative method as
follows

=d +

n

ot

Y. =X, Fx),

nzyn_f'(yn){“f(yn)(f '(xn>’—f'(yn))} (29)
f(y,) 2 (x,)F(y,)

XM:Zn_f(zn{Hf(zn)(f '(yn)—f'(zn))}
f'(z,) 2 (y,)f '(z,)

Theorem 2 Let Abe a simple zero of sufficiently
differentiable function f:l < R—>R for an open

interval | . If X is sufficiently close to A , then the method

defined by (29) is of twelfth-order and satisfies the error
equation

&,.,=Cs(Cc5 —1.5c,)(2c? —1.5¢,)° e +0 (&)
Proof.
Using Taylor expansion of f '(Z ) about A , we have
f'z,)=f'(Al+2c,d, +3c,d?+--1,
(30)
therefore, by (23) and (30), we obtain

fz,)It'@z,)

. . . . . (31
4, et 2 o) o, &2 -3 )01 0@
From (13), (22) and (30) we get
f'ly,)-f'(z,)
=f '(A)[2cie’ +4c,(c, —¢)el + (8, +6c,c, )

32

-1ic’c,)e! +(8c,c, —20cic, +3lcc,
~20c;)e; +0(&,)]
therefore, by using (23) and (32) we attain

VOLUME 18, 2021

Fey,)-f'e,)

=[O [2ed, +4e, ¢ -c)ed, + ) +6ee,  (33)
-1’ )e'd, +(8c.c, - 20cic, +31cc, - 20c0)e’d +--]

and using (12) and (30) we attain

f'z,)f (y,)

= [f '(/1)]2 [ngrf + 2(03 _sz)gr? + (5(:23 + 304 - 70203)‘9;1
+(24cZc, +4c, —12¢; —6¢ —10c,c,)e +0 (°)]

, (34)
therefore
fE)(f'(y,)-1'2,)

2t (y,)f '(z,) (35)

=c,d +(L5c,c, —c2)e’d, + (X2 -3.5ckc,)eid +--
Finally, using (31) and (35) we attain the error relation:

&

nia =Xpn —4
d, —[d, —c,d? +--J[L+c,d, +(L5c,c, —cl)eid,
+(32 -3.5c2c,)ed, +-]
= (¢ -1.5¢,c,)e’d? + (3.5c2c, —2)e’d? + -
=5 (¢} —1.56,)(26} —1.5¢,)° ¢ +0 (e))
O‘I;Q;sr .means that the method defined by (29) is of the twelfth-

The method (5), requires 5 function evaluations, 3 of f

and 2 of ' | whereas the method (29), requires 6
function evaluations, 3 of f and 3 of f . The methods
(5) and (29) have the efficiency indexes 7"'° =1.4757
and 12"® =1.5131, respectively, which are better than

the efficiency index 22 =1.4142 of the Newton’s
method (1) and the double Newton’s method (2) and the

efficiency index 10"° =1.4678 of the tenth-order (TO)
method [13].

3. Numerical Examples and Conclusion

In this section, we employ the new methods defined by (5) and
(29) to solve some nonlinear equations and compare them with
Classical Newton’s method (CN) (1), double Newton’s method
(DN) (2) and the tenth-order (TO) method [13].

We use the following functions, [9]:

12
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f,(x) =x"+ 4?10, A= 136523001341409688791373,
F(x) =x°+x* + 4x" =20, A= 146627907386472267070587,
f4(x)
f,(x)
fs(x)
f.(x) =x° —sin’ +30sK +5, 4 =-15826870457520698654008L,

6

X

sink )’ —x° + 1, A= 1.40449164821534111524670, All

X

J(x) =e"sin +In(x* + 1), 1= 0,

:exz-n-ao _L 1= 3‘
X
f.(x) =x"-e™, 2= 0.772882959149210124749629.

numerical examples were performed in MatlabR2017b, using
200 digits floating point (digits: = 200), and variable
precision arithmetic. We have computed the root of each test

function for two different initial guesses X,for 7 real
functions, listed above, while the iterative schemes were
stopped when | X, — X |+ f (X )] <107%.

Table (1): The sequence of the approximation zeros of the function
f3 using Method (5) starting with X; = 3.5 under the stopping

criterium | X, ., — X, |+]f (x,) < 107"

n
X

3 3.0000000000000033032238007803684548451677746278
4989199036522099
98001042550586337229548182508732656279594893865
13249888387965294
10685311997043489221669499959953226699301090133
91834034711552290
071213117

4 3.0000000000000000000000000000000000000000000000
0000000000000000
00000000000000000000000000000000003433312778739
46721040786731977
95834359895322406594017981907818223730490127338
03275296801347097
125849397

5  3.0000000000000000000000000000000000000000000000
000000000000000
00000000000000000000000000000000000000000000000
0000000000000000
00000000000000000000000000000000000000000000000
0000000000000000
000000000000

IT
F(X) X @ @ (3 EHO Ea@)
f, 19 9 5 3 3 3
1 0 5 3 3 3
f, 12 10 5 3 3 3
2 11 6 3 3 3
f 35 17 9 5 6 5
3 4 24 12 8 8 7
f, 16 10 5 3 3 2
25 11 6 3 3 3
fo 3 11 5 4 3 3
42 11 6 4 4 3
f 1 10 5 3 3 3
6 3 11 6 3 3 3
f 0 11 6 3 3 3
! 15 11 6 3 3 3

Table 3. Numerical results for different methods with stopping
criterion | X ., — X |+ |f (x,)|<107®

6  3.0000000000000000000000000000000000000000000000
000000000000000
00000000000000000000000000000000000000000000000
0000000000000000
00000000000000000000000000000000000000000000000
0000000000000000
000000000000

Table 2. Numerical results for different methods with stopping
criterion| X, — X | +] f(x )| <107%

VOLUME 18, 2021

CN (1) DN (2) TO[13] Eq.(5) Eq.(29)
fx)

m. Py o PH P an O) . P)
19 (9,2.0037) (5,40221)  (3,10.2305) (3,73951)  (3,124333)
f ! 1 (10, 2.0018) (5,4.0213) (3, 10.3010) (3,7.3912) (3,12.4010)
f 1.2 (10, 1.9999) (5,3.9992) (3,9.4298) (3, 6.9656) (3,12.0802)
2 2 (11,2000  (6,3.9997) (3,95343) (3,69549)  (3,12.1162)
f 35 (17,1.9957) (9,3.9742) (5,7.8713) (6,66614)  (5,114713)
3 4 (24, 1.9947) 3_51327'9) (8,9.3547) (8,6.0293) (7, 11.5014)
f 1.6 (10,1.8269)  (5,4.0057) (3,9.9212) (3,7.0665 ()
4 25 (11, 2.0006) (6,4.0033) (3,9.7953) (3,7.1723) (3,12.2018)
f 3 (10,20002)  (5,4.0024) (3,9.6135) (3,69092)  (3,12.0832)
5 4.2 (11,20002)  (6,4.0012) (4,9.9558) (4,6.9998) (3,07868)
— 1 (10, 2.0029) (5, 4.0353) (3, 10.8454) (3,7.7287) (3,12.7012)
f 6 -3 (11, 2.0022) (6,4.0134) (3,10.7783) (3,8.1064) (3,13.1207)
0 (11,20002)  (6,4.0010) (3,9.6018) (3,7.0394)  (3,12.1509)
f 7 15 (11, 2.0002) (6,4.0012) (3,9.6159) (3,7.0649) (3,12.2641)

Table 1 shows an example of the sequence of the

approximation zeros of the function f3 using the method (5)

starting with X, = 3.5 under the stopping criterion

| X

n+l

X, [+]f (x,)]<107%.

Displayed in Table 2 are the numbers of iterations (IT)

required such that | X

n+l

shows the computational

examples.

order

X, |+]f (x,)]<107. Table 3
p for all considered

13
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The computational results presented in Table 2 show that, the
presented methods, (5) and (29) converge more rapidly than
Classical Newton’s method (1) and double Newton’s method
(2) and they require less number of iterations. Therefore, the
new methods (5) and (29) have better convergence efficiency.
Table 3 shows the computational orders of 5 methods, CN
(1), DN (2), TO [13], (5), and (29). It can be seen from the
numerical results displayed in Tables 2 that the numerical
results of the proposed methods support the theoretical results
proved in Section 2.

Finally, we conclude that the new iterative methods (5) and
(29), presented in this paper, can compete with other efficient
equation solvers, such as the Classical Newton’s method (1),
and the double Newton’s method (2), and the tenth-order
method [13]. The results reflect the efficiency indexes
1.4757, 15131, 1.4142, 1.4142 and 1.4678 of the methods
(5), (29), (1), (2), and TO [13], respectively.
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