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The Generalized g-Analogue Hermite matrix Polynomials of Two Variables
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Abstract: In this paper, we introduce the g-analogue generalized Hermite matrix polynomials of two
variables. Some recurrence relations for these g-polynomials are derived.
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1. Introduction

The classical Hermite polynomials have two important
properties: (i) they form a family of orthogonal polynomials
and (ii) are intimately connected with the commutation

properties between the multiplication operator X and the

differentiation operator D . In contrast to the discrete g-
Hermite polynomials, which generalize both aspects, the
continuous g-Hermite polynomials generalize only the first
one.

In this section, we will give a summary of the
mathematical notations and definitions required in this
paper for the convenience of the reader.

Let the g-analogues of Pochhammer symbol or g-
shifted factorial be defined by [6]

1 , n=0
(@@ = 1_[ (1-aq’)), n=123,..
0s<jsn-1
where
0 , k>n
@™ k=3 @D e, (K)-nk
" (_q)kglz , k< 1.2
(qi Q)n—k =D 1 " (1-2)

O;q)n=1
also
(@ Dn+re = (@ Dn(aq™; @)y, (1.3)
where
@%@k
Jim a=qF (2)1
The g-binomial coefficient is defined by
n (4; Dn
=, OSkSTl, k,nEN
[k]q (@ D (@ Dn-k
(1.4)
The g-derivative with index & is defined by [11]
= f@%0-r@) —
Do = (q%-Dx ' D, =D,

(1.5)
which for g-derivative of the pair of functions are valid:
D(Aa(x) + ub(x)) = ADa(x) + uDb(x)
(1.6)
D(a(x).b(x)) = a(qx).Db(x) + Da(x).b(x) ,
1.7

D <a(x)) _ Da(x).b(x) — a(x). Db(x)

b(x)) b(x)b(gx)
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(1.8)
Exton [3] presented the following g-exponential
functions:

. — V® ghnn—1) n
E(I'l' Z, q) - Zﬂ.:O [n]q! z,
(1.9)
_ @®n
where [n],! = o " € N,
(1.10)
: (¢;:9)n
| = = =nl!
limln]g! = lim &= 0w = (WD = n!
(1.11)
In Exton's formula, if we replace z by é and u by g
we get
a X
E (E,E;q) = Eq(x, a),
7°2)
— n
where Eq(x,a) = Y- o(q X
(1.12)

which satisfies the functional relation [3]
E,(x,a) — E;(qx,a) = xE;(q"x, a).
The above g-function can be rewritten by the formula
1
D4E;(x,a) = EEq (q%x, a).
(1.13)

Also, the g-analogue of the binomial function (x + y)™
is given by [9,12]

EE)" = £3)n = x"(F/x50) =

n Ky, __ k

" Sioly] dWE) s

Hermite Polynomials are defined by means of
generating relations [10]

expl2xt — t2] = Lo Hy(X) =,
(1.15)

expl2xt +yt?] = oo Ha(x,9) .
(1.16)

Shrivastava [14] presented and studied the classical
Hermite polynomials and its generalizations in the form:

exp[2x(t + h) - (y +1D(t+h)?] =
S im0 Hom (6, 7) =, (1.17)

Jodar and Company [4] introduced the class of Hermite

matrix polynomials H n (X’ A) defined by
exp[xtV2A — t21] = Y- Hy(x, A) :1_1’

(1.18)
and

Bl o n-2k
H,(x,A) = n!zkzzom(x\/ZA) ; n=0.
(1.19)
which appear a finite series solutions of second-order

/
matrix differential equations y' - XAy +nAy = 0, for
a matrix A in CV*N whose eigenvalues are all in the right
open half-plane.

In [13], Sayyed, Metwally and Batahan introduced a
generalization of the Hermite matrix polynomials of the
form

F(x,t) = exp[l(xt\/ﬂ —t2I)] =

Y=o Him(x, A)— (1.20)
Also, Batahan [1] presented a study of the two-variable
Hermite matrix polynomials defined by

F(x,y,t) = exp[xt\/ZA —yt?l] =

Zn OH (X y!A) n’
(1 21)
where
Hn(x'y:A) =
m 3l U rzA) (1.22)

Moreover, Kahmmash [5] introduced and studied the
Hermite matrix polynomials of two variables defined by

exp[xtvV24 — (y + Dt?1] =
Sreotn(ry, M5, 1M < (129)

where H, (x,y, A) is defined by (1.22).

Pathan, Bin Saad and Alsarahi [8] studied on matrix
polynomials associated with Hermite matrix polynomials
defined by

exp[x(t + V24 — y(t + h)?I] =

Zﬁ,m:o Hn,m(xt y; (124)
where
Hy, (%, 55 A)
B [2] [2] s nlml (27‘ n ZS)! (xm)nﬂn—Zr—ZsyH_s
a Z Z(_ ) (r+ ) (n—2r)! (m — 2s)! (2r)! (25)!

r=0 s=0
, (1.25)
The following double series transformations that we
will occasionally use, are easy to prove

S0 Sieo Alk,n) = Sio 572 AG,n — 200,
(1.26)
and
Y=o k=0 Alk,n) = ¥5_o Xk=o Ak, n — k).
(1.27)
Similarly, we can write

5o Sl Ak, m) = Yo o Ak, + 2K),

(1.28)
Y=o nr=0Alk,n) = Yo Do Alk,n + k),
(1.29)
S o M Ak, n) = T Sio Alk,m + mik),
(1.30)
Z Z Ak,n) =
n=0 k=0
S 2m Ak, n — (m — 1)k),

(1.31)
where m, n are a positive integer such that (n > m).

2. The Generalized g-Analogue Hermite Matrix
Polynomials of Two-Variable H,, ,,(x,y, a; 4; q).

In this paper, we introduce the generalized g-analogue
Hermite matrix polynomial of two variables by the
following:
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Let A be a matrix such that 4 € CV*¥ satisfying the
condition u € o(A) is not negative integer Vu, where a(4)
is the set of all eigenvalues of A.

2] 7]
Hn,m (X, v, a; 4; q) = Z Z(_l)(r+s)(a+1)

r=0s=0
—(n+m 2r— 25)2+ (r+s)%+ (m—ZS

2s
q* 2 M) (G Dorens
(@ Dn-2r (@ Dm—25(@ Dr45(@5 D27 (@5 D25

v, (xm)n+m—2r—23yr+s' (21)

0<g<1l mn=0,12,..

Now, we get generating function of the generalized g-
analogue Hermite matrix polynomials in the form of the
following theorem:

Theorem 2.1. Let A be a positive stable matrix in CV*NV
and 0 <q <1, aeZ", then the following generating
function for the generalized g-analogue Hermite matrix
polynomials H,, ,,(x, y, a; 4; q) holds true:

E, (qa/4x\/ﬂ(t + h); g) Eq ((_1)a+1qa/4y(t

+ h)?I; %)

= Zi,m:o Hn,m(x'y' a;A;Q) tnhm- (22)
Proof. Let us denote the left hand side of (2.2) by W, then

W =E, (qa/4x\/ﬂ(t +

h); ). Eq (1% q%ay(t + 0?15,
appling relation (1.12), we obtain

W=Zﬁo

2+s
qz\2 +7 (x\/_)
(CHOM ( +
20 +5
R Y o(— 1)“““)"2;#@%)" (2.3)

which using relation (1.14), we find
© am +2 n n
_ ZQz(z) 4n(x\/2A) z [n] q(’;l)tn—mhm
— (@ Dn —~ lmlg
n=0 m=0

Z( 1)r(a+1)‘1(q)q“)y Z[Zr q@ezr=sps

(2.4)
thus, by using relation (1.4), we get

n2+(} )(x\/ﬂ)
= Yn=0Xm=0 (q Dn-m(a; q)m h

X

2 +(%)
w T 1)ra+1) q4 @D2ry”
Y70 Xis=o ( () ) (@Dr(@D2r—25@Das
2.5

which on using relation (1.29) and (1.26), gives

27‘—23h2$
’

W =
q%(n+m)2+(7;)(xm)n+m
(@O @GDm

Yin=0 Xm=0 t"h™

X

2,(2
DIy (—1)r+s)a+1) q4( RS )(qq)2r+25y tzrhzs
rm0 &m0 (@D r+s@D 21 (4025

_an Oz[n] [ ]( 1)(r+s)(a+1)

VOLUME 18, 2021

X

An- _25)2+% 2, (Mm=25),(2S ore2
q4(n 2r4m=25)2+5(r+5) +( p )+(2)(q;q)zr+25(x\/ﬂ)n+m T2 ris

(q:q)n—zr(q;q)m—zs(q;q)r+s(q;q)2r(q;q)25

t"h™,

By using definition (2.1), we obtain the required relation
(2.2).

Lemma 2.1. The polynomial H, ,,(x,y,a; 4; q) is a 0-
analogy of a new Hermite matrix polynomials and the
modified Hermite matrix polynomials.

Proof. In (2.1), replacing x and y by (1 — ¢)x and
(1 — q)y respectively, taking the limit as g —» 1 for both
sides, we get

lim Hy (1= @)x, (1= )y, ;45 q)
[z [5]

— i (r+s)(a+1)
im ) D

r 0s=0
m-—2s

qZ(n+m —2r—25)2+2 (r+s)2 ( 5 )+(25)(QFQ)2r+2s

(@ Dn—2r(q; q)m—zrslgcrln;_%ztgi(q; D2 (@5 D2s

x (1 - @)xv24) (1= @)
2] 7]

z z( 1)r+s)@+)

r=0s=0
(2r + 25)! (x\/ﬂ)mm_y_zsy”s
m=2r)1(m =28 (r+ s)!(2r)! (2s)!
Hn,m(xt y,a, A),

(2.6)

where H,, ,,, (x, y, a; A) assumed to be a new Hermite matrix
polynomials.

Putting a = 0 in (2.6), we obtain the known result (1.24).
Also a =m =0 and replacing y by y +1in (2.6), we
obtain the result (1.22).

3. Recurrence relations

Theorem (3.1). The g-analogue generalized Hermite matrix

polynomials  of  two-index  and two-variable
nm(x v, a; A; q) satisfy the following relations:

axs nm(x Y, a; A CI)
S a/ 2
q" “+(\24)’ Zq D1 -q?)..(1-q°)

(1-q)F (@ Ds—rl@ @) HoomE
(qsa/Zx,y,a,A,q), (3.1)

and

aS

oy nm (X, @ 4;.q)

_ (c1engTlag Zq D1 -2 .. (1-¢*)
CE (4 D25k (g; q)k
Hn+k 2s,m— k(x q /Zy,a A Q) (3 2)
Proof. Differentiating (2.2) with respect to x yields

0
Z aHn_m(x,y, a;A;q) t"h™

n,m=0

19


http://dx.doi.org/10.1016/j.jksus.2017.04.002

NA Sz

The Generalized g-Analogue Hermite .................. Alsarahi
_4 /4\£_(t+h) ( afyt /Zx\/_(t+ Hy v k—am-k (x‘qza/zy‘ a;A:Q)
q
Hence
1);5) Eq (1% q ay(t + 0?15, 2 Hyym (., 0 43 )
which on using relations (1.14), (1.4) and (1.1), gives ays Hm (%3, 1
(1-¢%..(1-q*)

0
Z —Hn,m(x,y. a;A;q) t"h™

n,m=0

_4 /4\/_ (4:9)1

an OZk oq()

@D1-k@r ™™
(q /Zx y, a; 4; q) gnti-kpm+k
» Z Z q(2)
=g /424 -
-1 (@ D1-1(@ D Hntic-1m-i

nm=0 k=

(g /Zx, y,a; A; q)t"h™

On comparing the coefficients of t"h" on both sides of the
above equation, we obtain

d
35 Hm (0, @ 45 0)
) & .
=q /zu/zlclz:—(q.q)1 NP Hn+k_1_m_k(q /2x,y, a:A;Q)
k=0 -1 TAATRAD
Thus
62
o Hom(5,7,0; 43 9) =

) sy e (2
a-q) %k q
Hence
65

S a/ ( ) _ _ s
q 4(\/ﬁ) (1-q?)..(1—-q% sa .
(1-q)5-1 Tie=o (@D s—k(@GDk H"+k_s'm_k(q f2x,y,a; A,q)

which is the required relation (3.1).
Again, differentiating (2.2) with respect to y yields

0 a
Zn,m=0 aHn,m(x; v, a;A;q)t

npm —

(1)1 a(t+n)?
1-q
E, (qa/4x\/2A(t +
m;5)-Eq (D™ 1q e Yay(e + 1?L5).
By using relations (1.14),(1.4) and (1.1), we find

o d

nms= 00_ nm(x y'a'A'q)tnhm
Z e

= (~1)**1q"s Z (; q)z @y

n,m=0

(x, q /Zy, a; 4; q)t"hm

On comparing the coefficients of t"h"™ on both sides of the
above equation, we get

a
aHn,m(x'y'a'A'CI) =
43)(1-42
_1ya+1, Y (1-4?) WY 0 A
( 1) q 4Zk O(q O 2k (G:Dk n+k—2,m—k(x'q 2y,a,A, q)
Thus
62
ay nm(x y;a A;q)
_ (—1)2(“”)61 zq (1— )1 —-q*)(1 —q*)
(1-9) (CH P CHA

_ (1) a/4zq
1-q)? (@ D2s-x(q; q)k
Hn+k 2s,m— k(x q /Zy,a A Q)

which is the required relation (3.2).
Theorem (3.2).
The polynomials sequence H, ., (x,y, a; 4; q) satisfies the
next recurrence relation
[Tl + 1]Hn+1m(x y,a A Q)
(k)+n 2r

=2(-1)**q “)’Zm n+k—1,m—k

(ax,q4"2y,a; A.q)

Yaxyza
+4 1i‘q Hn'm(q“/zx, v, a;4;q),
and
[m + 1]Hn,m+1(x: y; a; A; Q) =

g
—1)at 4 . Dend—
2-1D""q yzk:o(q'q)l (@@ Hk-Lmok

s
q 4x;/ﬁ n'm(qa/Zx,y,a;A; q)

(3.3)

(qx q /Zy,a A; q) +
(3.4)

Proof. Differentiating (2.2) with respect to t and using
(1.13), we find

9
nZ_OEHn,m(x, y,a;4;q) t"h
_2(-1)%"q “/4y(t+ h)
1 —
( /4x\/_(qt
+1;5) By ((~D*1q a2y e
)

a
/
+ @Eq (qa/4+a/2x\/2,4(t +

1_
h);5) Eq ((~1)%*1q“/ay(e + m)1;5)
appling relations (1.14) and (1.4), we obtain
Z [0+ 1Hpe1m(x, ¥, @ 4; @) t"h™ = 2(=1)**1q/ay

n,m=0
(k +n-2r

_ 4/,
Z Z(q D1-1(@ D Hoom (.02, @5 4;q)

n,m=0 k=0
tn+1 khm+k

/4x\/_

B Z Hpm(q“2x, v, a; 4; q) t"h™

n,m=0

Z [n+ 1]Hp1m(x,y, a; 4; ) t"R™ = 2(-1)*1g"/ay

nm=0
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X

q(’Z‘)+n—2r

o0 a . .
Zn,m:O Yk=0 mHnﬂc_Lm_k (X, q /Zy, a; A; q) t"h™

Yax\24
q Z Hn,m(qa/zx, v, a; 4; q) t"h™

1 —4 n,m=0
Now, on comparing of coefficients of t™h™, we get
[Tl + 1]Hn+1,m(x' y' a, A; q) =
a (K)+n-2r
2(-1)“*'q"/ay Bhoo

i D1-k( @Dk
+ qa/l‘lic\/ﬂ

Hn,m(qa/Zx' Y, a; 4; q)
Which the required relation (3.3).
In similar way, differentiating (2.2) with respect to h, we
get the relation (3.4).

Theorem (3.3). For H, ,,(x,y,a;4;q) the following
relation holds true:

qz(n+m)2 (gl)(xm)n+m
(CHAOMCH S .

2) 7]
- Z Z(—l)(”s)a Hym(x,y,a;4;q)

r=05=0
a a
Z(n—27+m—2$)2+z(r+s)2+(

m-—2s

2
2 )+( ZS) (@ Dzrs2sy™™°

a )(q: Dn-2r (@ Dm-25(@ Dr+5(@5 D 2r (45 Q)25

. (35

Proof. Using generating function of polynomials
H,m(x,y,a;A;q) and definition expression for function

E, (q“/4x\/ﬂ(t + h); g) and  E, ((—1)aqa/4)’(t +
h)?I; %) we have
E, (q"/xvZA(e + h);2)
= B, ((-1)%q"ay(t

X

a
+ h)?%I; E) Z Hpm(x,y,a;4;q) t"h™
n,m=0

Using relations (1.12) and (1.4), we get

00

z Z q4_n 24(7 )(x\/—) -

(q; q)n m(@ q)m

n=0m=0

© © Z (_1)raHn,m(x:y1 a.A,CI)
— s 0
Tl T C TP
(@ D+ (@ D 2r—25(q; D 2s

tn+2r—25hm+25

On using relations (1.29) and (1.25), we get
> it +(3) (xvZA)""
Z (@ Dn (@ D

0

t"h™
n=0m=0 n] m]
Z ZZ( DU H, L (x,y, a5 45 )
nm=0r= Os 0
a 2 24 m—2s s
y q4(n 2r+m—25)%+— (r+s) ( 5 )+(2)(q; Q)2r+2$yr+s -

(@ Dn—2r @G Dm-26(@ Dra5(@ D20 (@5 @25

VOLUME 18, 2021

Hn+k—1,m—k(xv qa/ZYv a; 4; q)

N m
Comparing of the coefficients of t"h" of the above
equation, we obtain the required relation (3.5) .
4. Rodrigue's formula:

Theorem (3.4). Let qe (O’l), the g-analogue generalized
Hermite matrix polynomials
H,m(gx,y, a; A; q) has the following representation:

Hy o (qx,y,a; 45 )
(=@ gr D (ey2a) "
g (@ Dng; q)m
[t g

ax2’2
(3.6)
Proof. Since,

2E, (q“/4xx/ﬂ(t + h);g) =
h)E, ( *ax\ZA(t + h)-f)

6522 By (q“1VZA e + 1))

_ m(x/ﬂ)z(t

+ h)z ( 5a/4x\/ﬂ(t + h),%)
0 2y 2, (q A+ )

= (t + h)?E, (qsa/ztx\/ﬁ(t + h);g)
Thus,

&
ZT;\/ZA(t +

(1 —61)2 N energy(vza)” (%x\/_(t
q® y 6 ax?’2

+ h)-—)

(1 - q)z Z( 1)n(a+1) q ( )

( /4x\/_ A(t + h); )
Q)G on

Z( 1)"<a+1>q )y (t + W)2E, (" aVZA(e

2n

“y e (S

+ h)i E) .
= Eq ((_1)(a+1)qa/4‘y(t + h)Z’E) Eq (qsa/ll—x\/ﬂ(t
h); 2
+ ); E)
= Z Hn,m(qx;y; a;A;q)t"h™
n,m=0
Hence,
Z Hn,m(qx' y,a;A;q) t"h™
n,m=0 ,
1- a
Q [( D*+1qay(V2A) 37
Zﬁm_o qz(n+m) +(2)(xm)n+m g

(@Dn(@GDm

By comparing the coefficients t"h" , we find

Hym(qx,y,a; 4; q)
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(1 — q)? ™™D (xv2a) """
S q° (@ D@ Doy
B (_1)a+1qa/4y(m)‘2 9 a
a 0x2'2
which the required relation (3.6).
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