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q-Analogue Modified Laguerre and Generalized Laguerre

Polynomials of Two Variables

Fadhle Bin Fadhle Mohsen*

Abstract

Fadhl Saleh Nasser Alsarahi**

The q-Laguerre polynomials are important g-orthogonal polynomials whose applications and
generalizations arise in many applications such as quantumgroup (oscillator algebra, etc.), g-harmonic

oscillator and coding theory.

In this paper, we introduce the g-analogue modified Laguerre and generalized modified Laguerre
polynomials of two variables . Some recurrence relations for these polynomials are derived.
Keywords: g-analogue generalized modified Laguerre polynomials, generating functions and recurrence

relations.

Introduction, definitions and notations:

In this section, we will give a summary of the
mathematical notations and definitions required
in this paper for the convenience of the reader.
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The q-analogues of Pochhammer symbol or g-shifted factorial be defined by [3]
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(1.1)

(1.2)

(1.4)

(1.3)

The basic hypergeometric or g-hypergeometric

function ,.¢S is defined by the series [3]
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The g-binomial coefficient is defined by [3]

n (:9)
=——F2~—, 0<k<n, k,neN . (1.5)
I}l (4:9).5:9),4

_ _ (k
{kn} :{Hkk 1} (a)4q (2), neCkeN, (1.6)
q

q

where C' complex plane and N, = {0,1,2,3,...}.

The g-exponential function €, (x ) is defined by [3]

eq(x)zi x" =(x;;)w, e(x)=e (x). (1.7)

n=0 (q> Q)n

and

Eq<x>=;<—1>"q@ﬁ=<x;q>w. 08

The g-derivative with index ¢ is defined by [8]

QJ&Ff%?;CQX D,=D (19)

which for g-derivative of the pair of functions are valid:
D(Aa(x)+ 1b(x))= A Da(x)+ 12 Db(x), (1.10)
D(a(x).b(x)) = a(gx) D b(x)+ D al(x)b(x), (1.11)

D( a(x)J _ Da(x)b(x)—a(x) Db(x) (L12)
b(x) b(x)b(gx)
Exton [2] presented the following q-exponential functions:
© q,un(n—l) .,
E(u,z;9)= ,
(/J Z,q ) ; [n] z

!
q

(4:9),

(1-q)

In Exton's formula, if we replace Z by

where [I’l ] ” 1=

and A by2a, we get

E[2a,L;qJ :Eq(x,a),
1-¢

where

E (x,a):zq—x", (1.13)
’ = (g:9),
which satisfies the functional relation

E, (x,a)- E, (gx,a)= xE, (q“x, a).

The above g-function can be rewritten by the formula
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1 ‘
DqEq(x,a)zEEq(q x,a). (1.14)

Also, the g-analogue of power (binomial) function (X T y)n is given by [6]

(xxy) =(xxy), :x”($%;q)n :xng{Z}q@)(i %)k (1.15)

The Laguerre polynomials L (X) of n order are defined by means of a generating relation [7]

(1-¢)"e (_XZJ ZL , <1, 0<x<o (1.16)

and the following series deﬁnltlon

N (—l)kn!x" 17
Ln(x)—kz_;,m' (1.17)

Also, the associated Laguerre polynomials are defined by the generating function [7]

(1=e)™ exp(%]:i 1) 18
- n=0

and the series definition

[9(x)=Y Cira)x (1.19)

" Sk n—k)(1+a),

The two variable Laguerre polynomials are defined by the generating function [1]:

(=) exp(l__—er =2 L(x )", (1.20)
yt n=0

or equivalcutly

(1-yt) e ( —X ] Z LN x,y)" (1.21)

The two variables Laguerre polynomlals are defined by the series definition

Ln(x,y)zn!kzn(;((_ldl))(%;;, (1.22)

Further, the two variable associated Laguerre polynomials are defined by [1]

n i k _ n—k
)= K-k +a), (129

Khan [4] is defined the generating relation for the two variable modified Laguerre polynomials by follows

N m oot
2 La,ﬂ,m,n(x,J/)f" =(1-py) GXP(I & j (1.24)
n=0

where two variable modified Laguerre polynomials La, Bomon (X, y) is given by

La,ﬂ,m,n(xﬁy) :Mlﬁ[_ nama%J . (1.25)
n! Ly

The g-Laguerre polynomials are defined by [5]
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—n

q
a+l,
L(na)(x; q) :(q(q q’)q)n 1¢1 q,_(l _ q)qa+n+lx
> /n a+l
q“";

9

(g™q), < (q’”;q)kq(g)(l q) (" "x)

- . Z 1.
(@:9), = l*"5q)(4:9)
wherear >—1, O0<g<1 and n=0,1,2,3,..
The q-Laguerre polynomials are speciﬁed by the following generating function:

ZL xq v :(.q) 1¢1( /a aﬂ} (1.27)

1. q-Analogue Modified Laguerre Polynomials of Two Variables
We introduce g-analogue modified Laguerre polynomial of two variables by the following:

(1.26)

Ly(x, y;Q)=—(q7 - )”_(ﬂy) 1¢1(q”;q’";q,—q”’“ EJ. @.1)
9" (4:9), By

Now, we get generating function of the g-analogue modified Laguerre polynomials in the form of the
following theorem:
Theorem 2.1

The following generating function for the q-analogue Laguerre polynomials L(moif)(x, y.q ) holds true:

} ZL xyq (2.2)

n=0

1— —m
[1- o], exmL e

<1.

where ‘l‘ ‘

Proof. Let us denote the left hand sides of (2.2) by W, then by using relation (1.7), we obtain

W= Z (m - gyl 23)

appling relation (1 15) we get

-] ey,

which by using relation (1 6) becomes

= S e am g), o

nroqq n q

on using relation (1.5), gives

W - Z( 2B & 1 g,q), axjrtn

par M) % (9.9)09".9)(0.9),.\ By

el < () 0 ) (s
_Zo "09), 5 @ala)ag) " /J’yj’

from relation (1.3), we get
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w_laa)(B) < iY g ".q) [qmﬂ%jrtn, @5)

= 9" (.9), (4.9).l¢"q),
by using definition (2.1), we get the requlred result (2.2).

Next, we derive some recurrence relations for the polynomials L( . )(x y,q) in the form of the

m,

following theorems:
Theorem 2.2
(.

The g-analogue Laguerre polynomials of two variables Lm”n )(x, v, q) satisfy the following relations:

o . )
aL(m,’f (v y:q)=—a L) (x,v:q9). 2.6)

and

6 (24 o
— L x,y;9)=mB L) (x,:q)

y
o n=2 n— ( k=1)(n—k—r—2)( K+ m+l k
—ap Y (B Sy 1) (6"%a). . ala™"sa), (—“’CJ @7

n=0 k=0 =0 (mH (q Q) (QaCI)k (C] Q)n k—r—2 yo%

Proof.
Differentiating both sides of (2.2) with respect to X , we get

3 ) ) [ e
Z 8xL (x Viq atz q,q), [1 ,Bty]q ,

n=0

by using relation (1.15), we get

© r 2 | -m—r—1 g n
D %L(“ﬂ x.y1q t=—atz E Z ! nr }q( Jeny. s

n=0 r n L q

from relation (1 6), we obtain

> L(,Z,f’)(x yiq)t" ——afz 2 mwﬂﬂ o) (Y

n=0 (q: r on n

which by using relation (1.5), gives

i EL(a ﬂ) x i _aiz ( m—r—l)(nfrfl)(q.q)mm I(CDC)r(ﬂy)n_r_l g 09

= o Py (%:9).(4:9),.@:9), .
by equating the coefficients of t", we obtain
5 Hn-D)r r
a m+l n | r [2) : -
— L0 (x,v39) =~ ( i ) l(ﬂy Zq(j o~ pen a q,)’“ q zﬂJ
ox g""" Ng:q),, S (q,q),‘(q ) @9) U By

(q'"“»q)nl(ﬂy)”l”z‘lq@ (¢"":q), 3 ( o @jr’

" Ngq),, =" (4:9).l¢™" By

which is the required relation (2.6).
Also, differentiating the both sides of (2.1) with respect to )’ and using (1.11), we get

ud —m—1 oxt
nZ (x,39)" = m(B1) [1- ], emq{—l_ﬂyt}

0 Ja
2
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_ - —apfxt’ ot
+1 qﬂyt]q {[l—ﬁyt]q[l—qﬁyt]jequ{ l—ﬁyt}’ (2.10)

by using relation (1.7), we obtain

z 5L,:f>(x Viq)t" =mp gm)’f (

—ap’y {_n:_llq@(— apY S (1) (a,xr)k i{_ kn_ llq(g)(— pt)',

r=0

applying relations (1.6) and (1.5), we find

=5 —m—k—1)(n —k—l)( m+ )_ (ax) (,B )n k-1
 [lep) _ 1
R WY R v (e
0 © ® (7m—l)r+(—k—l) k+1 n+r
—aﬁxz ZZ (_1)kq (q ,Cl)n(q,Q),W( )(,3)’) tn+k+r+2’ @.11)

o 55 (4:9),(4:9),(4:9),(g:9),

now, by using relation (1.3), we get

m+2

© m -1, l-n k
5 Lt =mp3, Eab T Wl (e

= oy :9). = (@q)la By

n-2 n—k-2 (—k—l)(n—k—r—z)(qkﬂ’q)n . 2(qm+1_

B > n ) ’q)r ox ' n
) ) e e ) ) (ﬂy] "

n

by equating the coefficient of #
Theorem 2.3

, we obtain the required relation (2.7).

(.

The g-analogue Laguerre polynomials of two variables Lm”n

[n+1], L27) (x, y3:9)= (mBy) L) (x, v1q)

— axz ) ZZ 1) q(ikil)(nikir)(qkﬂ > q)nfk—r (q "iq ), (ﬁ]k . (212)

Py ¢"@a) (@) @a),.., \ B

)(x, ¥, (]) satisfy the following relations:

Proof.
Differentiating the both sides of (2.1) with respect to ¢ and using (1.12), we get

2, [n], LD (x, yiq)e™ = mpy[1 - ] emq{—lf“ﬂtyt}

—-ax 1— —m {_ oxt }
+{[1—ﬁyt]q[1—qﬂyt]q}[ aprl” e, 1- Byt

by using relation (1.7), we get

> [n+1], L (x, viq)t"

—m,b’y — Pt qz )k i[_m—k—l} q(g)(—ﬂyt)n

k=0 ‘] q ) n=0 n
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& [=m=1] () & &y @) @) () (B
—ax q(—qpvt -1 e ", (2.13)
5 } Camn) 2 2 ) s aa),
by using relation (1.6), we find

Z [n+1]q mn+1 x > V4 tn —mﬁy 1)k§) )k Z{m +:+n:|q (qimikilyl(ﬂy)nt”k

k=0 q, =0
—a> " Y @) S S (- )6 0) (@) (B e
Z { L( Ja) Z;‘ kzz(;( Y (@) (a:9), ’

also, by using relations (1.5) and (1.3), we find

Z [n+1]25%) (v, v:)r" ‘mﬂyz (g™ o :q),(By) Zq() (¢7:q), (qmu@jktn

(q Q)n =0 (q‘q) ((]m+];q)k Py
~ n n—k ( k=1)(n—k— r)(qk+l’q)n (qmﬂ,q) ( jk n
“Z RS e g aade. )

by equating the coefficients of #” , we get the requlred relation(2.12).

2. The Generalized q-Analogue Modified Laguerre Polynomials of Two Variables

Now, we introduce generalized g-analogue modified Laguerre polynomial of two variables by means of
the following:

B . qm 5 q n (ﬂy) a+l m+l1 ox
L(,Z‘,f)(x,y,aaq)=—( - ), bl q" g g | 3.1)
q (q’ Q)n ﬂy
We get generating function of the generalized g-analogue Laguerre polynomials in the form of the

following theorem:

Theorem 3.1

The following generating function of the generalized g-analogue Laguerre polynomials L(,:f)(x, y,a,q )
holds true:

_m — ot > (a.p)
1-pyt| " E | ——,a|= Lm’ X,y,a; ,
[1- A, q{l—ﬁyt } 2 Ly )

Proof. Let us denote the left hand sides of (2.2) by V' and using (1.7), we get

w (_1V “(15) i
= l—ﬂyf]qmz( ! é. q)(m) [1-pnl" (3.3)
by using the relation (1.15), \;/e get '
. (é‘)( ‘o \
oot ) —m—k} (zj ;
V= - Byt
S s 7 ey,

n=0 n q

"l <1. (3.2)

which on using relation (1.6), gives
a(éj—%—(—m—k)n(

R ax)k(m+k+n—l sk
V=2 21 e | }(ﬂy) , 34

n=0 q

on using relation (1.5), we find
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V= i i(_ l)k q“(2j+(—m—k)n (ax)k (q'" 5 Q);H,, ) (ﬂy)n frik

n=0 k=0 (q;Q)k (q’”;q)k(q;q n\

& (gme) ) q(a+l)(§]+(§)_nk :4), A
_Z; q’"”(q q) k-o( ) (:9).  la":q), q;q)n_k(q j "

by using relation (1.3), we obtain

o ( ) ﬂy q a+l)(§) (q—n;q)k ( . axjk )
V= x| .
Zo 7" (g:9), kzo: (@a), @9 \T t ¢

by using definition (3.1), we get the required relation (3.2).

Next, we derive some recurrence relations for the polynomials L(ma”nﬂ)(x, y,a ;q) in the form of the

following theorems:
Theorem 3.2

The generalized g-analogue Laguerre polynomials of two variables L(mn )(x y,4a, q) satisfy the

following relations:

O 1(@p) __ () .
amen (x y.a; Q) (l— )Lm+1n 1((] X,y,a,q), (3.6)

and

2L(ma,’f)(x»J”WI) mLeP) (x,y.a:q)

oy
ak+a k
at? Ak . q (2)(qm+l;q) (q/m’q) o [mj
_ -1 r —r- . (37
(l—q)('By) = ; ( ) q(m+l)r+(k+l)(n7k7r72)(q;q)r(q’q) (q’ )n L \p
Proof.
Differentiating the both sides of (3.2) with respect to X , we get
ak+a(12{) 1
S 0 flep) N at &0 vg  laxt) o
— L. "N\x, y,a;q)t" =— 1) (1t , (3.8)
HZ:(; ™ ( Yy Q) (1_q) kZ:(;( ) (QQQ)k ( ﬂy)

by using relation (1.15), we get
ak+a(/2(j p -
o 0 (wp) R < TR M ) IR _l_m_k} 3 oow
Lmn xy,(lq == _1 q _ﬂyt H
e P S D) (M P Y

from relation (1.6), we find

ak+a(§) p -
0 at & t) &|mtk+n| N
> S oaial =~ Sy LS ey
n=0 k=0 'Y )k n=0 [

q
which by using relation (1.5), we find

akal & +(~1—m—k)n "
i aa L( )(X y,a, Q) a i i(_l)k q (2) (q;Q)erkm((lX)k(ﬂy) ln+k+1

n=0 X m (1 - q) n=0 k=0 (('I’ q)k (q’ q)m+k (q’ q)n
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e a +(a+])(k)+(§)—(n—1)k k

a & (@) )y, g (q;q)_l[q’””axj \

=— -1 . t",(3.9)
(l—q)g g" " Ngsq), ;( ) (@9)la"q)(@a), 0 U By

by equating the coefficient of #” , we obtain

m+ - (a+1)(§) I-n +2 k
0 (ap) a ( g )_1 ﬂy L& (q ,q)k g ax
3 Lo (n-aia)= D e al R

(1-9) q(’””)(" N:a) & (59)(q"":q),
which the required relation (3.6).
Also, differentiating the both sides of (3.2) with respect to )’ and using (1.11), we get

o0

> = O 1= x, y.asq)e” = m (1~ o)™ q{ e a}

n=0 1 t

_ _1—m QODCZ
+(1-gpt) [ q)(l ﬂyt} {lﬁyt } (3.10)

by using relation (1.7), we obtain

mz ["";1 Jeamrsin #ﬂz{w)

by using relation (1.6), we find
c x (kj k 2 |\m+k+n
X ,a; mt -m—k— 1 ¢
5, ety =miZ e LR gy
oxt’ i {m +r} (_m_l)r( ,3 y ri ) ak+a(é)( ) i{kﬁ_n} (bt (IB t)”
T q qpy WvE) , (3.11
(1 - CI) r q (CI, C]) =0 q ( )

r=0 k=0

from relations (1.5) and (1.3), we obtain

© i . ( m+l, ) (ﬂy)n—l n-1 B ) q(ﬁl)(;j(qnl;q)k (qmﬂaxjk n
ZO ay m X » Vs, 6] { mﬂz m+1 (q q),,l ;( ) (6] q) ( ) ﬁy

ak+a k
_ﬂi(ﬂy)n—z pdnd? (_ l)k q (ZJ(qu;q) (qkn,q)n L (ﬂjkﬂ,
(1 —q) pr parionn q(m+1)r+(k+1)(n—k_r—z)( g Q)r ( 7 q)k ( 7 q)n_k_r_z B )

by equating the coefficient of #” , we obtain the required relation (3.7).
Theorem 3.3

The generalized g-analogue Laguerre polynomials of two variable L(m 7 )(x y,a, q) satisfy the following

relations:
[n+1], 270 (x, v, a;0)= mByLit) (x, v, a3 )
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a+ak
((ﬂni g@wwmwﬁm @q,@m
k=0 =0

‘ g" NN g ) (4:9) @5 a)eis \ By
Proof.

Differentiating the both sides of (3.1) with respect to [, we get

ihM%mmwammmw%Pmt}

,a
n=0 1- ﬂyt
—ox - q‘ont
o l—gpt) " E {— ,a}, (3.13)
{(l—qxl—ﬁyt)} | o1-pt
by using relation (1.7), we get

: - Bl Y o lm k1] (2
Z:(; ”+1q mn+l (x, y,a;q)t" mﬁy;(—l)k%Z{ nk llq(z)(—ﬁﬂ)n

_ox 3 [=mel] 5 ,w_kww—m (9 gy
@ﬂ§{rlqu;mw@m»;[nk<@»

which by using relation (1.6), we find

3 S a@ el m+k+n
Z [”+1]q mn+1 (x,y,a;9)t" m,ByZ(—l)kq (o) z[ k :|q(—m—k—1)n( Y

r=0
by using relation (1.5), we find
> [n+1], L5l (e, v asg)e”

n=0

p q("’“)"(q 9, & 7 (@a)la™q9)(g9),

k
ak+a(2) ml
)

—mpyy 4 la"":q),(8) > (1) ‘I(M)(zj{z)nk(q;q)n (qmﬂaxJktn

m+l +(k+1 (n—k—r)( .
k=0 r=0
from relation (1 3) we obtain

n=

* 0 m+l, nop (a+1)(§) . e k
0

ax ( ) n n—k ( )k qak-%—a(]; (qm+1, q) (qk+l, q) o k
n _ 1 ‘ 'Y ) Y Jn—k—r et tn ,
(1-9) Z; A 2 & Y - Na:9)(4:0)(@:4),., [ﬁ’y}
by equating the coefficients of ¢”

, we get the required relation(3.12).
results:
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and generalized modified Laguerre polynomials
of two variables . Some recurrence relations for
these polynomials are derived; (see (2.1), (2.6),
(2.7),(2.12), (3.1), (3.6), (3.7) and (3.12)).
Conclusion:

The generalized form of g-analogue modified
Laguerre and generalized modified Laguerre
polynomials of two variables are introduced and

some of its properties are established in this
paper. - analogue modified Laguerre and
generalized modified Laguerre polynomials are
important, whose applications and
generalizations arise in many applications such
as quantumgroup (oscillator algebra, etc.), g-
harmonic  oscillator and coding theory.
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