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Abstract: The Bessel function is probably the best-known special function, within pure and applied mathematics.

The principal object of the present paper is to construct new analogy definition of the (p, g)-Bessel function of two

variables, using the generating function method. This study shows a class of Bessel function with the help of the

generating function. Some properties of this function and explicit representations of difference equations and

recurrence relations are obtained.
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1. INTRODUCTION AND NOTATIONS

The theory (p, g)-calculus has recently been applied in
many branches of pure and applied mathematics, physics
and engineering, such as biology, electrochemistry,
economics, engineering, probability theory, statistics,
statistical sciences, quantum theory, number theory and
statistical mechanics, etc. The (p,q)-special functions
have important roles in many areas of mathematical
physics and  mathematics (see, for example
[4,5,10,11,14,18,20,21]).

In this section, we will give a summary of the
definitions and mathematical notations required in this
paper for the convenience of the reader.

The Bessel's function of first kind and r order
defined by [17]
17" 2n+r
Jr (%) = Xz 0n'I‘((n+)r+1)( ) (1.1)
The explicit representation of the g-analogue Bessel
function of one variable is given by [6,7]

3G @) = S e (3) (1.2

[r+n]q!
where llmq—»l]r((l - qQx; Q) = Jr(x)
Mahmoud [12] introduced and studied the generalized
q-Bessel function as follow:
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2( +n)
i) = Cal g (e L2 AL g
which converges absolutely for all x when a € Z* and for
|x] <2 ifa=0.
Shehata [23] presented the (p, q)-Bessel function of
one variable defined by
(n+r) (r) ( )n+2r

I Gp, ) = S~ 1) e (1.4)
Pq p.q"

Bessel's functions of two variables are defined by the
following series [1]:

]r,s(x: y) =
© (_1)m+n x 2m+r yp(x) 2n+s
Zm’"=0 nm!IT(r+m+1)(s+n+1) (E) ( 2 ) (1.5)
and
D) .
]rs(xy)—moﬂ(_r"'l_j) 0F1( ;S +
1, — y? p4 (x)) (1.6)

where r and s are integers.
Tenguria and Sharma [24] presented a study of the
advanced g-Bessel function of two variables is given by

]rs(x' y;q) =
(—pmtn x 2m+r yp(x) 2n+s
Lo n= 0 mlq [s+n]q! (2) ( 2 ) @7

r+m]q![nlg!
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Thus, Alsarahi [2] introduced and studied of the
generalized g-analogue Bessel matrix polynomials of two
variables

wZA\' (Byp(0)\*
5) )
( )a/([qé q)g(cg; q))]s 2m 2
o (_1)(m+n) a+1q 2[lm(m+r)+n(n+s x\2A Byp(x) n
X Lmn=o @*0m(@GDm @S (@GO ( 2 ) (T)

(1.8)

]r,s(x'y' a, A, B; q) =

The g-shifted factorial be defined by [18,19,20]
[@ly ==, 0<lgl<LgeC—{1} aeC (L9
1-q%
1-q

wher lim a], = lim =a.
ere g-alalg = lim

The g-analogue of n! is then defined by
mlgt =1 SN CET)
e = U nlyn — 1, .. [2],[1],, n€EN :

The (p, g)-number is denoted by [8], , and is given by

B_gB
[Blpg =2, 0<lal<Ipl <1 pafec (11D

The (p,q)-number and (p, q)-factorial are given as
follow. (see [8,9,13])

k_qk

p
—, keN
[k]p,q = { p—q ,
0 ) k = 0
where
. 1—g*
lim{kl, q = [klq = T 1
The (p, q)-factorial is denoted by [n], ;! is defined by
(e.as),
[n]P'q! = Z:I[k]p,,q = W,n > 1; [O]ZJ,q! =1.
(1.12)
Let us introduce (p, ¢)-binomial coefficients is given by
L I
[r]p,q (n—7lpq'lrlpq! ’ 0<r<n rnenN (1.13)

The (p, g)-exponential function e, ,(x) is defined by (see
[18,23])
o (3) 2
epq(X) = Xi=op\2 Ky (1.14)
The (p, q)-derivative operator for any function f is
defined as follows (see [7,15,16])

Dpaf () = LEZLED 20 (1.15)
and ((Dp,qf)(o) = f/(O))

Thus, the operator D, , satisfies the following relation
(see [18])
Dp,qep,q (ux) = Hepq (upx), p€C (1.16)
where u is a complex number.
It happens clearly that Dy ox™ = [n], qx
Note also that for p = 1 in (1.15), the (p, q)-derivative
reduces to the g-derivative which is defined by
f&) = fgx)
D, =
The (p,q)-derivative operator satisfy the following
product rule (see [10, 15,16]):
Dy o(f (). h(x)) = f (px)Dy gh(x) + h(qx)Dy o f (x) (L.17)
The primary goal of this work is to introduce and study
the (p, q)-Bessel function of two variables and some of its

n-1
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properties, (p, q)-difference equations and recurrence
relations are obtained.
2. The (p, q)-Bessel Function of Two Variables

The generating function of the (p,q)-Bessel
function of two variables, denoted by J,,,.(x,¥;p,q), is
define by the following relation:

epa3 (6= )] ena [52(w = )] =

Y=o ma (6 Y0, @ tTW" (2.1)
where  x,y€ER, t,weC(C, t,w#0,0<]|q|<|p| <1,
q,p€C.

Now, by using the above generating function (2.1), we

will deduce that the (p, q)-Bessel function of two variables
Jmn(x,¥;p,q) in the following theorem:
Theorem 2.1. Suppose thatx,y € R,x,y >0, f(x) >
0,t,welC, t,tw#0, 0<|q|<Ip|<1, qpeC then
the (p, q)-Bessel function of two variables J,,,(x,y;p,q)
has the following representation:

o™ (v
Jmn (6, y3p,q) = (E) 5
(m+r)+(£)+(n+s)+(§) 2r 2s
X 270.?5:0(_1)”‘5 [r] '[s]p :" (m+r+21)1" (n+s+1) (g) (ny(X))
p.q>ip.q- p.q p.q

(2.2)
Proof. Let us denoted the left hand sides of (2.1) by H, we
have

H=¢ep,q [x?t] €p.q [_ Zit] €p.q [yf(;)w] €p.aq [_ yjzc‘(;c)]

Appling relation (1.14), we obtain

(P+G m+r
pl2)*z X
H=ZZ—1T—— ¢mer
(721)+(;) n+s
e o) _1\s_P yf(x) n-s
X Tio Do~ ot (P0) 23)

Replace m and n by m + r and n + s respectively in the
right hand side of equation (2.3), we get
NI EAOY
i= 2 6%
mn=-—o

(") + (") +E) 2r 25

© _A\T+s 14 x yf(x) m..n

er'5=0( D [m+r]p,q![r]p,q![n+s]p,q![s]p,q!(2) ( 2 ) tTw
(2.4)

Which on using definition (2.1), we get the required result
(2.2).

Remark 2.1. In result (2.2), we can see that

limp-1 ]m,n (x,0; b, Q) = ]m,n (x),

q-1
limp—>1 ]m,n(x' 0; p, Q) = ]m,n(x; Q)’
]m,n(x' 0;p, CI) = ]m,n(x; b, Q)’

limp-1 ]m,n(x' Vin,q) = ]m,n(x’ ),
q-1

liInp—>1 ]m,n(x'y; D, Q) =]m,n(x' Vi q)l
which obtain equations (1.1), (1.2), (1.4). (1.5) and (1.7)
respectively.
Remark 2.2. By using the relation (1.12), the series
expansion of the (p, q)-Bessel function J,,,(x,y;p,q) is

given as
m n
(g) (yfz(X))

(@@ .0) (@0 @),

]m,n(x:y; D, Q) =
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<) SO
2 G o) @ ),

1 @-0)x\*" ((p-a)yf )\
X .
(@.9:®.0),(0.0):®.0), ( 2 ) ( 2 ) (2.5)

Corollary 2.1. If m,n be integer, then J,.(x,y;p,q)
satisfies the following relations:

]—m,n(x:y; D, Q) = (_1)m]m,n(x'y; P, Q) (26)
Jm-n(y:0,0) = (D)o (x,¥: 0, 9) (2.7)
Jom-n Y0, @) = (D)™ 0 (6, y5 0, Q) (2.8)

Proof. From (2.2), we get

Jomn (6,50, q) = ( ) - yfz(x)

o ;")+<§)+("”)+<2)]M (f)zr (L(X))zs 2.9)

T+s
X Xrzm Xsz 0( ) [r=mlp,q![r]p,q'[n+slp,q'[slp,q! \ 2 2

substituting by r + m in the right hand side of (2.9) , we

obtain
Jomn (X, y;0,9) = () (yfz(x)

G+(EMH"0)+R) 2y r(x)) 25
X Z;‘?Szo(_l)r+m+s 14 (;x) (u)

[r1p,q!lr+mlp qln+sly q'lslp,q! 2

(2.10)

Hence

Jomn (6, yi0.9) = (= 1)’”( )

vf (x))

2
BTCRGERCoNe o (O
Z( Y gt [r+ml, t [n+ sl 4t [s],,! (E) < 2 )

7,5=0
which is the reqmred relation (2.6).

Similarly, we can show that the relations (2.7) and (2.8).
Corollary 2.2. For the (p,q)-Bessel function
Jmn(x,¥;0,q) the following hold:

Jmn(=%,y:0,9) = (=1)"Jmn(x,y;0,q) (2.11)
]m,n(x' s Q) = (_1)n]m,n(x: Yo, Q) (2-12)
]m,n (_x' as Q) = (_1)m+n]m,n(x: o, Q) (2-13)

Proof. If f(x) is even function and m,n,r,s any
integers, then

Jmn(=%,¥5p,q) = ( Z)m yf(z 2

( 1)r+s ( )+(r)+(n+s)+(§) X\ 2T yf(—x) =
Z [rlpq! [s]pq! Tpgm+ 7+ D, ,(n+ s+ 1) (_E) ( 2 )

- o (Y

2

(- 1)r+s (m+7‘)+(r)+(n+s)+(§) X\ 2T yf(x) 2s

Z [r]pq'[s]pq Ly q(m+7+ 1T, q(n+s+1)(§) ( 2 >
WhICh in view of (2.2) yields relation (2.11).
Similarly, in same way we can be proved the relations
(2.11) and (2.13).
3. The (p, q)-difference Equations
Theorem  (3.1).  The (p, q)-Bessel
Jmn(x,¥; p, q) satisfy the following relations:

functions
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a(p Q)

]mn( X,¥;0,q)
a(M

_yf! (x)

(]mn 1(px, py;p, )
- ]m,n+1(px. Py; D, q))

+2 (]m_l,n (0x,9y; 0, @) = Jm+1.n(0X, qY; D, q)) (CRY)

and

O, f@)

20y Y0, @) = L2 (Jmner Py P @) —
oY

Jmn1 (6, DY D, q)) (3.2)
Proof. Differentiating (2.1) with respect to x and using
(1. 16) and (1.17), yields

Z S T I (i, W
0.0

mmn=-oo

B G L1 G R e (|
8 (o ] G O s O

_ ') (W

1 ’ pxt px pyf()w pyf(x)
__)e [_] a - 2t]epq[ 2 ]EW[_ 2w

1 pxt px qyf w qyf )
3t )5 o[- Bl [P e |-
Using (1.14) in the above equation, we obtain

a(pq) ]mn(x yip, Otmwn
myn:_wa(pq
f/( ) , ) (r) m+r i
== (v- )ZZ( V(s
ZZ( 1)5 (2') (2) '<py/;(x)) s
n=05=0 Slp.a
(+ (T) mr
N
X YO 32 (— 1)s[np:z)‘[s(]ziq (qy);(x)) wh=s. (3.3)

Replace m by r + m and n by s + n in the right hand side
of (3.3), we get

d (r.9)
Op.g)x

mmn=-—oo

Jma (6 Y0, Ot"W™

IRVALCTMIES I ol i i
2 v mn=-o r,s=0 [m + T]p,q! [r]p'q! [n+ S]P:q! [S]p,q!

y (¥)m+2r (Py];(x))n+zs o

A
( )<)+( )+<>

mmn=—oo r,s=0

N (ﬁ)m+2r (M)rHZs Fmym (34)

2 2
By equating the coefficients of t™w™ in (3.4), we get
relation (3.1).
Also, differentiating (2.1) with respect to y and using
(1.16), we find
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a(p.q)
.Y

=1 - 2 5~ ena [P (- )] 9

Using relation (1.14) and replacing m by r + m and n by
s+ n inthe equation (3.6), we obtain

-3

Jmn (6, Y50, Ot W™

Ap.q)

w——
a(pq

I (6 Y0, QW = ”

mmn=—oo
X

T+s. ( +T)+(;)+(nz+s)+(§) o\m2r O\ H2S
Lrmn=-o0 Lrs= 0[inii],,ql[r]p,q![ms]p,q![s]p,q!(E) (%()) trw
(3.6)
Equating the coefficients of t™w™ in (3.7), we get result
(3.2).

4. Recurrence Relations

Theorem (4.1). The polynomials sequence J,, ,(x, y; 0, q)
satisfies the next recurrence relations:

[m + 1]p,q]m+1,n(x' y; p' Q)

_p2x 1
= mfmn((pq)zx,y: p,q) + I @X, Y0, @) (41)
qz
and

[n + 1]pq]mn+1(x Vv, qQ)

pzzyf(X)]mn(x (pq)zy p.q ) ]m,n(x,py; p,q) (4.2)

Proof. Differentiating (2.1) with respect to t and using
(1.16) and (1.17), we find

yf (x)

2w?2

0
5 (p'q)t]m,n(x. Vi p, Qtmw"
mn=—oo .a)
pxt qx yf(x)w yf(x)
=5 %pa €pq Zt] p.q 2 €pa|™ o

t f(x) f()
t53 2¢2 pq[px] €p.q I;tc] pq[y wa]ep,Q[_y x]

2w
By using relation (1.14), we obtain

m]p,q]m,n(xvy; D, Q)tm_lwn

o (D+() g7 (Y o mbr
_x P 2/72q (P) X m—r
=32, 2D oL e

> G+3) nts

z(_l)s p'2)"2 (yf(x)) s
(nlyq! [slpq!\ 2

(rzrz)+(;) PX\THT

X AV r p m-r
+ﬁz ). [m]p,q![r]p,q!(7) t

MH+3) n+s
X Mo BZo(—1) L (L) s (43)

[Mlpq!lslpg! \ 2
Substituting m and n by r + m and s + n respectively in
(4.3), we get

x pz
Z [+ 1 g JmsanCo yip, " W™ = 5 Z —m
2

mmn=—oo mn=—o 4
X

©

|M8

2 2

= F1lpg! Mgt [0+ slpq! [s]p!
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(_1)r+sp(mz+r)+(72-)+(n;s)+(;) ((pq);x>m+2r vf(x) nt2s
Z [ < > tmwn

( 1)r+s (m+r)+(2)+(n+s)+(z)

th m; Z [m+7], sl s,

(ﬁ)erZT (yf(x))TH'ZS tmwn

2 2
Comparing of both sides, we get the required relation
(4.2).

Similarly way differentiating (2.1) with respect to w, we
can prove the relation (4.2).

Theorem (4.2). For polynomial J,, , (x, y; p, q) holds

D+
et ) () =

o DO T oreyy i) @44)

["lp.q'[slpq! \2 )
Proof. The generating function of polynomial

Jmn (X, ¥; D, q) We can written as

xt yfw] _
ena [3]-na [5] =

epa |22 e [yf(x)] Yimn=—coJmn (6, Y P, @) W

From the relatlon (1.13)

oo (m)+(n) . .
pL2/m\2 X yf(x) .
2 it (57

er 0 p(Z) (2) (;C) (Yf(X)) Zmn O]m+7‘n+s(x Y; D Q) t"w

(4.5)

On equating of the coefficients of t™w™
obtain the required relation (4.4).

5. Conclusion and Perspectives

In this work, we have introduced (p, q)-Bessel function of
two variables or the twin-basic Bessel function, using the
family of generating function method. We have seen some
particular cases of (p, g)-Bessel function of two variables,
which can a starting point. In a forthcoming works will be
carried out in proposing modified forms (p, q)-Bessel
functions in other fields of mathematical physics and
engineering sciences and so on.
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