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On n Satisfying, n Dividing ¢(n)a(n) + 1
Hussain Abdulkader Al-Aidroos*

Abstract

Let o(n) denotes the sum of the positive divisors of the positive integer n and ¢ be the Euler’s totient
function([1],page25). Cleary, n divides ¢(n) a(n) + 1 if n is a prime. Then, the question is there a composite n that
divides ¢(n) o(n) + 1 ? Considering this problem Yang-Gao Chen and Jin-Hui Fang [5] have proved thatn € R =
w(n) =3, where w(n) as usual is the number of distinct prime factors of n. and R = Uj_, R , Ry =

{n:p(m)a(n) + 1 =kn} We devoted the study of this problem where we prove that every n in R is odd and that

ne€eRand3 |n = n = 3, from which it follows that for any composite n in R, the least prime factors is > 5. Also,
we obtained lower bounds for w(n) and n for any n € R = Uy, Ry, with 1 < k < 672, which improves the result
of [5] in some cases.

Key words : Euler’s totient function, the sum of the positive divisor of n.

1. Introduction:

Let o(n) denotes the sum of the positive divisors of the positive integer n and ¢ be the Euler’s totient
function([1],page25). It is easy to see that ¢ (n)a(n) + 1 is divisible by n if n is a prime number (in fact,
if n = p, aprime, then p(p)a(p) +1 = (p — 1)(p + 1) + 1 = p? divisible by n). Now the question:

(1.1) Is there a composite number n for which n |<p(n)a(n) +17?

That is, if
(1.2) Ry={n:pn)o(n)+1=kn} and,
1.3)

R = URk
k=1

The question in(1.1) is seeking composite humbers in R.

Yang-Gao Chen and Jin-Hui Fang ([5] Theorem?2) have proved that
(14) neR>=wlhn)=3.

where w(n) is as before the number of distinct prime factor of n.

The purpose of this study is to improve (1.4) in the case n € R, with k < 336 and 5 |n, and with
k < 672,and 5 t n. Also, we find lower bounds for n € R.
Preliminary:
In this part we prove some preliminaries lemmas. As already noted in [5], any n € Ry is squarefree.
Since @ (n)o(n) + 1isodd for n > 4, it follows that
(21) neR, = kandnare both odd .
Hence R, =R, =R¢=Rg=-=0.
Therefore, any n € R is odd and squarefree so that it can be written as
(2.2) n = pyp,p3 -..pr , Where p; < p, < p3 < -+ < p, are all odd primes
r = w(n) and,
(2.3)
(P~ D@ —D..(pr —D(pr + D2+ 1) ... (pr+1)+1=kpipops...0r
Through this paper, we assume n € R and that it is of the form (2.2).
2.1. Lemma: p? % 1(mod p;) fori # j.

Proof : Suppose p? = 1(mod pj) for some i #;, then it follows from (2.3) that p; i1, a
contradiction .Therefore, the lemma holds.

2.2. Lemma : The only element in R divisible by 3 is 3. In other words, R has no composite number
divisible by 3.
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Proof : Cleary, 3€R (since ¢(3)a(3)+1=24+1=9=33). If possible n€R with r >
2and p; = 3.Then, by Lemma 2.1, p; = 2(mod3) for 2 < i < r so that reducing (2.3) to module 3 we
get 0 + 1 = 0(mod3) , a contradiction. Thus, r £ 2, hence the lemma.

3 .Main result

In all that follows n denotes the composite number in R, so that, by (2.3) the product B, is defined by
(3.1)

Pi P +D@P+1D) .. (pr+1) .

P =
"ol im—1 k
=
Now, since r = 3, by (1.4) and p, = 5,p, = 7,p; = 13, itis follows that
(3.2)
6x8x14 _ 672 s |
P, > e Tk vem
n 8x12x14 1344
2 =% if 51in

3.1. Theorem : Suppose n € Ry (k is odd) and 5 ‘n then
i) 1<k<129 > w(n) >58246andn > 10310360,
i) 131 <k <143 = w(n) = 11504 andn > 101769,
iii) 145 <k <191 = w(n) = 371andn > 101064,
iv) 193 <k <287 = w(n) = 18andn > 1022
v) 289 <k<336 > w(n)=8andn > 10°.

Proof : Suppose n € R, ,5 |n.Then, n is of the from (2.2) with p, =5, so that
p;  1(mod 5) for 2 < i < r.Therefore, p;s are from the set

A ={p:pprime,p > 5,p % 1(mod 5)} . Also, if A ={a,,a,,as, ...} with
a; < aj,q forj=1,23,.. Then, p; = a; for 2 < i < r. hence we have

(3.3)
— Di a; 3
" 1:[ G-D " 1;[ -1 %0 Gay).

Now, comparing (3.2) and (3.3), \l/\7e find that

(B4 al) > 6772

i) Suppose 1 < k < 129, then by (3.4), a(r) > 5.2093 and hence
Ina@) = In[, (a:‘_il) =InYT (a:l—il) > In(5.2093) = 1.65044549.
A computation yields r = 58246, proving the first part of (i).

Now, by the Robin’s inequality ([3], Theorem6) given by :

(35) n> (”:T)T forn € N with w(n) =r.

Since n € R, with 1 < k < 129, we get by (3. 5) for such n that

58246
. (58246 .ln(58246)) S 10310360

3
ii) Suppose 129 < k < 143, then by (3.4), a(r) > 4.6993 and hence
In(4.6993) = 1.54741356. A computation yields r > 11504, giving first part of (ii).Therefore, for
n € R, with 129 < k < 143, we get by (3.5) that

11504
. (11504 .In 11504) S 10176%

3
iii) Suppose 145 < k < 191, then by (3.4), a(r) > 3.518324 and
hence In a(r) > In(3.518324 ) = 1.257984912. A computation yields r = 371, proving first part of
(iii).
Therefore, for n € R, with 145 < k < 191, we get by (3.5) that

371.In371\*"*
EELELE R

iv) Suppose 193 < k < 287, then by (3.4), a(r) > 2.34146 and
hence In a(r) > In(2.34146 ) = 0.8507761248. A computation yields r > 18.
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Therefore, for n € R;, with 193 < k < 287, we get ,by (3.5) that
18.In18\"®
n > (T) > 1022 .
v) Suppose 289 < k < 335.Then by (3.4), a(r) > 2.0059 and
hence In a(r) > In(2.0059 ) = 0.69069.A computation yields r > 371.
Therefore, for n € Ry with289 < k < 335, we get by (3.5) we have that
8.In8\®

n> > 10°
3.2 Theorem : Suppose n € Ry (k is odd) and 5 } n then
)1 <k <207 = w(n) = 65536andn > 1067963,
i) 209 < k <223 = w(n) =27889andn > 1038843,
iii) 225 < k < 267 = w(n) = 4188andn > 1017928,
iv) 269 < k <333 = w(n) = 646andn > 102009,
v) 335 <k <445 = w(n) > 100andn > 10218
Vi) 447 <k <671 = w(n) = 14andn > 105 .
Proof: Suppose n € R, ,5 t n, then n is of the form (2.2),where p;’s are from the set
D = {p:p prime,p = 7} . Also, if D = {d,,d,, ds, ..., } with d; < d, < d5 ..., then
dy =27,d, =211,d; = 13 and p; = d,; fori > 1. Therefore,
(3.6)

d;
(di—1)

T
P, < 6(r),where §(r) =
L]
Now, by (3.6) and (3.2),we get

B7) 850> 13%
i) Suppose 1 < k < 207, then by (3.7), 6(r) > 6.4927536 and
hence In§(r) > In(6.4927536 ) = 1.8706867. A computation yields
r = 65536, proving the first part of (i). Also, by (3.5), any n € Ty with 1 < k < 207 is such that
65536
s <65536. 1n(65536)> o 1067963

3

i) Suppose 209 < k < 223.So0 that 5(r) > % = 6.02690583

and hence In 6(r) > In(6.02690583 ) = 1.7962 . A computation yields r > 27889.
Therefore, for n € R, with 209 < k < 223, we get by (3.5) that
. (27889 .In 27889)27889
n> (222 2P

> 1013884—3 .
31344

iii) Suppose 225 < k < 267. So that, §(r) > Py 5.0337808.
and hence In 6(r) > In(5.0337808 ) = 1.61615 . A computation gives r = 4188 and by (3.5) we have
. <4188 .In 4188)4188
n>(— ==

> 1017028.
3

iv) Suppose 269 < k < 333. So that §(r) > = = 4.036036 and

hence Iné(r) > In(4.036036 ) = 1.39526 .A computation gives r = 646 and by (3.5) we have

646.1n 646\ °*°
n> (+) > 102009

v) Suppose 335 < k < 445.So that §(r) > % = 3.0202 and

hence In§(r) > In(3.0202 ) = 1.1053 . A computation gives r = 100 and by (3.5) we have

100 . In100\*°°
ns (L2200 e,

vi) Suppose 447 < k < 671. Sothat§(r) > % = 2.0029 and

hence In§(r) > In(2.0029 ) = 0.694636. A computation gives r > 14 and by (3.5) we have
<14.1n 14)14

n> > 1075,
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