
Hadhramout University Journal of Natural & Applied Sciences Hadhramout University Journal of Natural & Applied Sciences 

Volume 17 Issue 2 Article 5 

2020 

On n Satisfying, n Dividing φ(n)σ(n)+1 On n Satisfying, n Dividing (n) (n)+1 

Hussain Abdulkader Al-Aidroos 
AlAhgaff University - Mukalla - Hadhramout - Yemen 

Follow this and additional works at: https://digitalcommons.aaru.edu.jo/huj_nas 

 Part of the Applied Mathematics Commons 

Recommended Citation Recommended Citation 
Al-Aidroos, Hussain Abdulkader (2020) "On n Satisfying, n Dividing φ(n)σ(n)+1," Hadhramout University 
Journal of Natural & Applied Sciences: Vol. 17 : Iss. 2 , Article 5. 
Available at: https://digitalcommons.aaru.edu.jo/huj_nas/vol17/iss2/5 

This Article is brought to you for free and open access by Arab Journals Platform. It has been accepted for 
inclusion in Hadhramout University Journal of Natural & Applied Sciences by an authorized editor. The journal is 
hosted on Digital Commons, an Elsevier platform. For more information, please contact rakan@aaru.edu.jo, 
marah@aaru.edu.jo, u.murad@aaru.edu.jo. 

https://digitalcommons.aaru.edu.jo/huj_nas
https://digitalcommons.aaru.edu.jo/huj_nas/vol17
https://digitalcommons.aaru.edu.jo/huj_nas/vol17/iss2
https://digitalcommons.aaru.edu.jo/huj_nas/vol17/iss2/5
https://digitalcommons.aaru.edu.jo/huj_nas?utm_source=digitalcommons.aaru.edu.jo%2Fhuj_nas%2Fvol17%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/115?utm_source=digitalcommons.aaru.edu.jo%2Fhuj_nas%2Fvol17%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.aaru.edu.jo/huj_nas/vol17/iss2/5?utm_source=digitalcommons.aaru.edu.jo%2Fhuj_nas%2Fvol17%2Fiss2%2F5&utm_medium=PDF&utm_campaign=PDFCoverPages
https://www.elsevier.com/solutions/digital-commons
mailto:rakan@aaru.edu.jo,%20marah@aaru.edu.jo,%20u.murad@aaru.edu.jo
mailto:rakan@aaru.edu.jo,%20marah@aaru.edu.jo,%20u.murad@aaru.edu.jo


Hadhramout University Journal of Natural & Applied Sciences, Volume 17, Issue 2, Dec 2020 

302 

On   Satisfying,   Dividing   ( ) ( )    
 

Hussain Abdulkader Al-Aidroos* 
 

Abstract 
 

Let  ( )  denotes the sum of the positive divisors of the positive integer   and   be the Euler’s totient 

function([1],page25). Cleary,   divides  ( )  ( )    if   is a prime. Then, the question is there a composite   that 

divides   ( )  ( )    ? Considering this problem Yang-Gao Chen and Jin-Hui Fang [5] have proved that     
 ( )   , where   ( )   as usual is the number of distinct prime factors of   . and    ⋃   

 
     ,    

{   ( ) ( )       } .We  devoted  the study of this problem where we prove that every   in   is odd and that  

               , from which it follows that for any composite     in    the least prime factors is   . Also, 

we obtained lower bounds for  ( ) and   for any     ⋃   
 
    with        , which improves the result 

of [5]  in some cases. 
 

Key words : Euler’s totient function, the sum of the positive divisor of   . 
 

1. Introduction:  

Let  ( ) denotes the sum of the positive divisors of the positive integer   and   be the Euler’s totient 

function([1],page25). It is easy to see that  ( ) ( )    is divisible by   if   is a prime number (in fact, 

if    , a prime, then   ( ) ( )    (   )(   )       divisible by  ). Now the question:  

(1.1) Is there a composite number   for which     ( ) ( )    ? 

That is, if 

(1.2)         *    ( ) ( )      +   and, 

(1.3)   

   ⋃    

 

   

 

The question in(1.1) is seeking composite numbers in  . 

 Yang-Gao Chen and Jin-Hui Fang ([5] Theorem2) have proved that 

 (1.4)          ( )   . 

where  ( ) is as before the number of distinct prime factor of  . 

The purpose of this study is to improve (1.4) in the case      with         and    , and with 

        and    . Also, we find lower bounds for     . 

Preliminary:  

In this part we prove some preliminaries lemmas. As already noted in [5], any       is squarefree. 

Since   ( ) ( )    is odd for    , it follows that  

(2.1)              and   are both odd . 

Hence                 . 

Therefore, any     is odd and squarefree so that it can be written as  

(2.2)              , where                 are all odd primes 

   ( ) and,  

(2.3) 

            (    )(    )  (    )(    )(    )  (    )               

Through this paper, we assume     and that it is of the form (2.2). 

2.1. Lemma :     
   (      )        . 

Proof : Suppose    
   (      ) for some     , then it follows from (2.3) that       , a 

contradiction .Therefore, the lemma holds. 

2.2. Lemma : The only element in   divisible by   is  . In other words,   has no composite number 

divisible by  . 
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Proof : Cleary,      (since   ( ) ( )               ). If possible      with   
  and      .Then, by Lemma 2.1,      (    ) for       so that reducing (2.3) to module 3 we 

get       (    ) , a contradiction. Thus,    , hence the lemma. 
 

3 .Main result 
In all that follows   denotes the composite number in    so that, by (2.3) the product    is defined by  

(3.1) 

   ∏
  

    
 
(    )(    )  (    )

 

 

   

   

Now, since    , by (1.4) and                 , it is follows that 
(3.2) 

   {

      

 
 
   

 
             

       

 
 
    

 
             

 

3.1. Theorem : Suppose     (        ) and     then  

i)              ( )        and           . 

ii)                ( )        and          . 

iii)               ( )      and         . 

iv)                ( )     and        

v)                 ( )    and      . 

Proof : Suppose          .Then,   is of the from (2.2) with     , so that 

     (     ) for      .Therefore,    
 s are from the set 

   *                  (     )+ . Also, if    *          + with 

         for           Then,       for       . hence we have 

 (3.3) 

   ∏
  

(    )

 

   

  ∏
  

(    )
  ( )

 

   

   (   )  

Now, comparing (3.2) and (3.3), we find that  

(3.4)    ( )  
   

 
. 

i) Suppose        , then by (3.4),  ( )         and hence 

   ( )    ∏
  

(    )
 
      ∑

  

(    )
 
    (      )            . 

A computation yields        , proving the first part of (i). 
Now, by  the Robin’s inequality ([3], Theorem6) given by : 

(3.5)     (
    

 
)
 

 for      with   ( )     

Since      with         , we get by (3. 5) for such   that  

  (
         (     )

 
)

     

            

ii) Suppose          , then by (3.4),  ( )         and hence 

   (      )            . A computation yields         , giving first part of (ii).Therefore, for 
     with           , we get by (3.5)  that 

  (
              

 
)
     

           

iii) Suppose          , then by (3.4),  ( )           and  

hence    ( )    (         )             . A computation yields      , proving first part of 
(iii). 
Therefore, for      with           , we get by (3.5) that 

  (
         

 
)
   

         

iv) Suppose          , then by (3.4),  ( )          and  

hence    ( )    (         )              . A computation yields     . 
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Therefore, for      with           , we get ,by (3.5) that 

  (
       

 
)
  

        

v) Suppose          .Then by (3.4),  ( )         and  

hence    ( )    (        )         .A computation yields      . 

Therefore, for      with          , we get by (3.5) we have that 

  (
     

 
)
 

          

3.2 Theorem : Suppose     (  is odd) and     then  

i)            ( )        and          . 

ii)              ( )        and           . 

iii)              ( )       and          . 

iv)              ( )      and          . 
v)              ( )      and         . 

vi)                ( )     and        . 
 

Proof:  Suppose          , then   is of the form (2.2),where    s are from the set           
  *              + . Also, if   *           + with            then 

                  and       for      Therefore,  

(3.6) 

    ( )        ( )  ∏
  

(    )

 

   

   

Now,  by (3.6) and (3.2),we get  

(3.7)     ( )  
    

 
. 

i)  Suppose        , then by (3.7) ,  ( )            and  
hence     ( )    (          )           . A computation yields 

        ,  proving the first part of (i). Also, by (3.5), any      with         is such that  

  (
          (     )

 
)

     

           

ii)  Suppose          .So that  ( )  
    

   
             

and hence    ( )    (           )         . A computation yields        . 

Therefore, for      with           , we get by (3.5) that 

  (
              

 
)
     

            

iii)  Suppose            So that ,  ( )  
    

   
             

and hence    ( )    (          )          . A computation gives        and by (3.5)  we have   

  (
            

 
)
    

          

iv)  Suppose            So that  ( )  
    

   
          and  

hence    ( )    (          )         .A computation gives       and by (3.5) we have     

  (
         

 
)
   

          

v)  Suppose            So that  ( )  
    

   
        and  

hence    ( )    (         )         . A computation gives       and by (3.5) we have 

  (
           

 
)
   

         

vi)  Suppose             So that  ( )  
    

   
        and  

hence    ( )    (          )          . A computation gives      and by (3.5) we have  

  (
       

 
)
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 ( ) ( ) ر  المقدا  الذي يقسم      العدد 
 

 حسين عبدالقادر العيدروس
 

 الملخص
 

عددا   العدد  فمن السهل معرفة أنه إذا كان ويمر , الة أد  و كانت   مجموع  القواسم الموجبة لمعدد الصحيح الموجب  ( ) إذا كانت
( ) ( ) يقسم المقدار  فإنهأوليا  ( ) ( ) يقسم المقدار    لكن  هل يوجد عدد غير أوليو  .    هذا السؤال طرحه  ؟    

( ) فإن     عندما  هإثبات أن من (2[ , نظرية 5)]تمكنا و هيو فانج ,  –قو شن و  جان  –الباحثان ينق  تمثل   ( ) حيث ,     
⋃   معرفتان بالشكل التالي :     و     تانالمجموعو    عدد العوامل الأولية المختمفة لمعدد     

 
( ) ( )   }   , و         

    ولي الأغير  لمعد أولي أصغر عامل, مما يعني أن     فإن     و كان     إثبات أنه إذا كان  . استطاع الباحث {   
⋃    لأي  ( ) الأولية  د العواملالحد الأدنى لعد إلىالباحث   , كما توصل    أكبر أو يساوي العددسيكون     

 
 , حيث    

 .[5بهذا يكون الباحث قد حسن بعض النتائج في ], و         
.n موع القواسم الموجبة لمعدد الصحيويمر, مجأ: دالة  كلمات المفتاح  
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